Home Work 13 Solutions

The problems in this problem set cover lecture [C17 = quiz review], C18, C19, C20 

1. The operation ( is defined for two Boolean variables A, B as follows:

A(B = 
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       Draw the truth table for A(B

	A
	B
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	A(B

	0
	0
	0
	0
	0

	0
	1
	1
	0
	1

	1
	0
	0
	1
	1

	1
	1
	0
	0
	0


2. What are the minterms in the expression A(B(C?

Hint: Use a dummy variable D for A(B, apply the Boolean algebra theorems, then replace D with A(B and repeat the process.

Let D be A(B
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Convert the following statements into propositions. 

a. The killer touched both the candlestick and the wrench

b. There are exactly 2 sets of fingerprints on the candlestick.

c. Joe touched either the candlestick or the wrench, but not both.

d. George only touched the candlestick.

e. George saw Hannah touch the wrench.

f. Hannah touched all the weapons that George touched.

g. Hannah saw Joe touch the candlestick

Given that there is only one killer, use resolution to identify the killer.

	Statement
	Proposition

	Joe is the killer
	KJ

	George is the killer
	KG

	Hannah is the killer
	KH

	Joe touched the candlestick
	CJ

	Joe touched the wrench
	WJ

	George touched the candlestick
	CJ

	George touched the wrench
	WG

	Hannah touched the wrench
	WH

	Hannah touched the candle stick
	CH


Converting the given statements into propositions:

a. Killer touched both the candle stick and the wrench

KJ  ( CJ and WJ




(1)

KG ( CG and WG




(2)

KH ( CH and WH




(3)

b. There are exactly 2 sets of fingerprints on the candlestick.

((CJ and CH) or (CJ and CG) or (CG and CH)) and ~(CG and CJ and CH)








(4)

c. 
Joe touched either the candlestick or the wrench, but not both.


~KJ ( (CJ or WJ)




(5)


~KJ ( ~(CJ and WJ)




(6)

d. George only touched the candlestick

~KG ( CG





(7)

~KG ( ~WG





(8)

e. George saw Hannah touch the wrench.

~KG ( WH





(9)

f. 
Hannah touched all the weapons that George touched.


~KH ( (CH( CG)




(10)


~KH ((WH ( WG)




(11)

g.
Hannah saw Joe touch the candlestick


~KH ( CJ





(12)

Proof: By Contradiction

Assume ~KH






(13)

(13), (10), Modus Ponens

CH( CG






(14)

(13), (10), Modus Ponens








CJ







(15)

Substituting (15) in (4)

(CH or CG or (CG and CH)) and ~(CG and CH)

[Single Value Theorem]

(CH or CG) and ~ (CG and CH)



[Simplification]

(CH or CG) and (~CG or ~CH)



[Negation]

~(CH( CG)






(16)





(16) CONTRADICTS (14)

Hence the assumption that Hannah is not the killer is false. 

Given that there is only one killer, Hannah is the Killer □

4. Provide a Direct Proof of the following, where a, b, and c are integers


If a|b and b|c, then a|c
Hint: definition of “ | “ (Divisible) is given in lecture 20.

Proof

Given a|b, then a can be represented as x*b

( I )

Given b|c, then b can be represented as y*c

( II )

Substituting the value of b in ( I ), 

a 
= 
x* (y*c)


=
(x*y)*c

[associative nature of *]


=
z*c

Hence a is divisible by c.
□

5. Prove using induction that P(n) = P(n-1) + P(n-2), where P(n) is a Fibonacci number.

Fibonacci numbers are defined to satisfy the following recursive condition:

P(n)=P(n-1)+P(n-2) for all n>2

With the base case:

P(0)=0 and P(1)=1

Prove that P(n) = 
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Proof

Base Case: 

For N = 2, 

P(2) 
= 
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=
1+ 0



=
1

Induction Step:

Assume that the condition is satisfied for P(j) for all 2 ≤ j ≤ n.

Therefore for j = n+1, 

P(n+1) 
=
P(n)
+ P(n-1)

[by definition]



=
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+ P(n-1)

[by inductive hypothesis]
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[by property of summation]

Since 

· P(2) is true 

· P(j) is true for 2 ( j ( n ( P(n+1) is true, 

Then P(n) is true for all positive integers n(2. □

6. Prove using induction that if p is a prime and does not divide a1, a2, a3, …, an ;then p does not divide a1*a2*a3* …*an
Solution:

Theorem: Every integer n > 1 can be factorized into a product of primes.

Base Case:

For n = 2, the theorem is true.

Inductive Step: 

Assume that the theorem holds for 2 ≤ i ≤ n.

Case 1: 

(n+1) is prime, in which case the solution is trivial, and the theorem is true.

Case 2:

(n+1) is not a prime, in which case: it can be written as a product of two integers x*y, where 2 ≤ x,y ≤ n

By the induction hypothesis, x,y can be represented as a product of primes, hence the theorem is true. 

Hence (i ( 2, i can be represented as a product of primes. □

Proof:

By the theorem, a1, a2, a3, …, an can each be represented as a product of primes.

Given that p does not divide any of a1, a2, a3, …, an, then p is not in the prime factorization of any of a1, a2, a3, …, an.

Hence p will not divide a1*a2*a3* …*an. □
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