Inductive Proofs

Approach

Let P be some property that you are trying to prove for positive integers.

 Base Case:

Show that P(1) is true.

Inductive Step: 

Assume that P(n) is true and show that P(n+1) is true.

The assumption that P(n) is true is called the induction hypothesis.

Example 1: 
Prove that the sum of the first n positive odd integers is n2. 



i.e. Odd_Sum(n) = 1 + 3 + 5 + … + (2n-1) = n2
Base Case:

For n = 1, the theorem is true. Odd_Sum(1) = 1 = 12
Inductive Step: 

Assume that the theorem holds some positive integer n, i.e. Odd_Sum(n) = n2
To prove that Odd_Sum(n+1)
=
(n+1)2
Right Hand Side:




(n+1)2
=
n2 + 2n + 1

[Arithmetic]

Left Hand Side:

From formula, Odd_Sum(n+1)=
1+ 3+ 5 + … + (2n-1)+ (2n+1)





=
Odd_Sum(n) + (2n+1)





=
n2 + (2n + 1)

[By induction hypothesis]




= 
RHS

LHS = RHS, Hence the sum of first n odd positive integers is n2. □

Example 2: Prove that every integer n > 1 can be factorized into a product of primes.

Base Case:

For n = 2, the theorem is true.

Inductive Step: 

Assume that the theorem holds for 2 ≤ i ≤ n, i.e., any positive integer between 2 and n can be factorized into a product of primes. 

The induction step will be proved by ‘proof by cases’:

Case 1: 

(n+1) is prime, in which case the solution is trivial, and the theorem is true.

Case 2:

(n+1) is not a prime, in which case: it can be written as a product of two integers x*y, where 2 ≤ x, y ≤ n

By the induction hypothesis, x, y can be represented as a product of primes, hence the theorem is true. 

Hence (i ( 2, i can be represented as a product of primes. □

Self Exercise:

Prove that 2n+1 ≤ 2n, for n( 3.

